Abstract -Minimum model calculations on the co-action of hole vanishing Lifshitz transitions and correlation effects in ferropnictides are presented. The calculations predict non-Fermi-liquid behaviour and huge mass enhancements of the charge carriers at the Fermi level. The findings are compared with recent ARPES experiments and with measurements of transport and thermal properties of ferropnictides. The results from the calculation can be also applied to other unconventional superconductors and question the traditional view of quantum critical points.
Introduction . -Bad metals and unconventional superconductivity are both one of the most active research fields in solid state physics. Extensive research efforts have revealed that these phenomena appear near particular points, termed quantum critical points (QCP), in the phase diagram temperature vs. a control parameter. These control parameters can be pressure, chemical pressure, doping, or magnetic field. Near the QCP, the normal state properties are characterized by non-Fermi liquid behaviour, dubbed bad metal. At low temperatures very often unconventional superconductivity is observed.
Since the QCP appears at the end of an antiferromagnetic range, a widespread view of these phenomena is related to a scenario in which at low temperatures the charge carriers are strongly coupled to antiferromagnetic quantum fluctuations [1] [2] [3] . These fluctuations could be the glue mediating unconventional superconductivity. They could also account for the strange normal state non-Fermi-liquid behaviour as visible in transport and thermal properties of ferropnictides. The former have manifested themselves e.g. by a linear temperature dependence of the resistivity which was observed in various highly correlated systems such as heavy fermion systems [4] , cuprates [5] , and iron based superconductors [6, 7] . In this context we mention the phenomenological model of a marginal Fermi-liquid, sometimes also called singular liquids, which was developed to understand Raman experiments and transport properties of doped cuprates [8] .
Besides transport and thermal properties, angleresolved photoemission spectroscopy (ARPES) [9] is a versatile method to study the electronic structure of solids. In the unconventional superconducting ferropnictides [10] near optimal doping, ARPES has detected changes of the topology of Fermi surfaces (Lifshitz transitions [11] of the pocket vanishing type) for the electron doped systems [12] [13] [14] [15] [16] [17] [18] [19] in which the hole pockets disappear and in hole doped systems [20] in which the electron pockets disappear. In addition, ARPES has detected non-Fermi-liquid (linear in energy) scattering rates Γ of the charge carriers independent of the control parameter [21] [22] [23] . ARPES is especially valuable since it can detect the momentum dependence and the orbital dependence of the scattering rates in multi band systems. The scattering rates and the related imaginary part of the self-energy Σ [24] characterize the many-body properties of quasiparticles in solids.
In this article we first describe the appearance of a linear-in-energy dependence of Γ in systems close to a pocket vanishing Lifshitz transition. Next we discuss the linear in energy scattering rates in correlated materials. Then we describe the fact that the non-Fermi-liquid behaviour near a Lifshitz transition is enhanced by correlation effects. On the basis of this understanding and the experimental ARPES results we conclude that a co-action of the non-Fermi liquid scattering rates with a Lifshitz transition of the pocket vanishing type, i.e., a crossing of a flat band through the Fermi level, leads to a huge mass enhancement. This scenario provides an alternative model to understand the strange normal state properties and possibly also unconventional superconductivity in correlated matter.
Scattering rates near a Lifshitz transition. -In this section the scattering rate of the charge carriers Γ ee due to electro-electron interaction is described in a minimum model. In a first approximation the scattering rate is determined by an Auger process in the conduction band, i.e., a relaxation of an excited photo hole to lower energies relative to the Fermi level. The received energy is transfered to an electron-hole excitation (see fig 1 (a-c) ) [24] . Following this description the scattering rate can be calculated by the relation [24, 25] 
Q is the momentum transfer for the excitations, T is the temperature, E the energy relative to the Fermi energy, and k is the bare particle dispersion. For the Coulomb interaction between two holes, a local approximation is used, i.e., it is described by the on-site Coulomb potential U . ξ(E , k , k+Q , T ) describes the probability for the hole relaxation in the occupied part of the band while χ(E , k , k−Q , T ) describes the susceptibility for electronhole excitations between the occupied and the unoccupied part of the band (e.g. the Lindhardt susceptibility [24] ).
In the following, we do not evaluate the susceptibilities by taking into account the full band structure. To simplify matters, a one band model is used (see fig 1 (a) ). For the ferropnictides a two band model ((see fig 1 (d-f) ) would be a better approximation. The sum over the momentum is neglected and ξ(E , k , k+Q , T ) is approximated by a constant density of states D(0) at the Fermi level multiplied by the Fermi function
χ(E, k , k−Q , T ) is approximated by the convolution of the occupied part of the band with the unoccupied part of the band, the Fermi edges of which being broadened by N F (E, T ) and 1 − N F (E, T ), respectively:
For the occupied part of the band D(E ) = D(0) is used while for the unoccupied part D(E ) = D(0) for E > E t and D(E ) = 0 for E < E t is used (E t is negative, see fig. 1 (g-i)). By moving E t to zero we can simulate a pocket vanishing type Lifshitz transition.
First we discuss the scattering rate for zero temperature and a wide conduction band (E t 0). In this case ξ is constant up to the Fermi energy and the convolution of the two Fermi edges leads to χ which is linear in energy. Performing the integration leads to quadratic increase of the scattering rate as a function of energy. This is observed in ARPES of normal metals, such as Mo [26] where the scattering rate for electron-electron interaction Γ ee is proportional to E 2 . This also leads to a quadratic temperature dependence of the resistivity in normal metals at low temperatures where phonons can no more be excited.
For the case near a Lifshitz transition (E t → 0) the unoccupied part is a δ function at the Fermi level and therefore χ is constant in energy. Performing the integration yields a non-Fermi-liquid linear-in-energy scattering rate.
In fig. 2 (a) we show the exponent of the energy dependence of the scattering rate as a function of E t and the binding energy. Near the Lifshitz transition (E t = 0) a non-Fermi liquid behaviour is obtained for all energies. With increasing distance to the Lifshitz transition (more negative E t values) the scattering rate transforms to a Fermi liquid behaviour with a quadratic energy dependence. A similar calculation was performed for the temperature dependence instead of the energy dependence (see fig. 2 (b) ). Near the Lifshitz transition a linear-in-temperature non-Fermi-liquid behaviour is observed. With increasing distance to the Lifshitz transition a quadratic temperature Fermi-liquid behaviour is prevailing at low temperatures. We emphasize that in these calculations for an uncorrelated system, non-Fermi-liquid be- haviour occurs only very close to the Lifshitz transition for E > |E t |.
Scattering rates in correlated systems. -In this section we try to understand the difference of the energy dependence of the scattering rate between a normal and a highly correlated metal. In fig. 3 (a) the momentum density of a weakly correlated Fermi liquid together with the relaxation of an added photo hole due to an electronhole excitation, already discussed in the previous section, is presented. The phase space for the hole relaxation is proportional to the energy E. Because of the Pauli principle electrons can only excited with an energy E below the Fermi level. Thus the total phase space for the scattering process is proportional to E 2 [24] , already demonstrated in the previous section.
In the case of strong correlation effects the hight of the step of the momentum density at k F which is proportional to the renormalization factor Z is reduced and large fractions are shifted from regions below k F to regions above k F (see fig. 3 (b) ) [24] . In the case of very strong correlation effects, Z which determines the weight of coherent quasiparticles, is small and a large fraction (proportional to 1 − Z) is due to incoherent particles. When we add a coherent quasiparticle with energy E to the system (e.g. a photo hole) the phase space for the decay of the quasiparticle is again proportional to E. However, in this case the relaxation energy can be transferred also to the incoherent charge carriers. These can be excited not only within a narrow energy range E below the Fermi level but the electron-hole excitations of the incoherent charge carriers, which are no more restricted by the Pauli principle, can now occur in the entire range of the band width W . Thus in this case the total phase space for the relaxation process is proportional to EW which for E W is proportional to E. This leads to the marginal Fermi liquid model in which one assumes that the weight of the coherent particles is close to zero, i.e., Z 1. Thus different from a normal Fermi liquid, the interaction of the coherent quasiparticles with the incoherent particles yield strong low-energy relaxation processes. In this view it is difficult to rationalize a Fermi liquid behaviour of a strongly correlated single band metal since the total relaxation process is a sum of two components, one which proportional to ZE 2 and a second one which is proportional (1 − Z)E.
Scattering rates of a correlated system near a Lifshitz transition. -In this Section the co-action of a Lifshitz transition and correlation effects is discussed using the ARPES results of the electronic structure of the hole pocket in ferropnictides [23] . In these experiments on electron doped compounds, a linear-in-energy dependence of Γ was observed in a large range of the control parameter. It is assume that the experimental results for Γ can be extrapolated to low energies (well below a typical ARPES energy resolution of about 5 meV). From Γ the imaginary part of the self-energy Σ is calculated by the relation Γ = Z Σ [24] . At high energies we assume that above a cutoff p-3 J. Fink energy E c , corresponding to the band width, Σ remains constant. Thus the complex self-energy Σ corresponds to that proposed in the marginal Fermi liquid model [8] :
x = max(|E|, k B T ) and k B T is the thermal energy. λ M F is a dimensionless coupling constant. In the calculations presented in fig. 4 zero thermal energy and typical values derived from ARPES experiments on the inner hole pocket of electron doped ferropnictides [23] are used: λ M F = 1.4 and E c = 1.5 eV. The parabolic bare particle dispersion (black lines in fig. 4 ) was taken from a fit to bands of the inner hole pocket of ferropnictides derived from DFT band structure calculations. Using the above given parameters, Σ was calculated with the help of eq. (4) (green lines in fig. 4) . The difference between the bare particle dispersion and Σ yields the renormalised dispersions [24] depicted in fig. 4 by red lines. In fig. 4 we also present the effective masses m * /m 0 (blue lines), derived from the second derivative of the renormalized dispersion. In fig. 4 (b), (d) , and (f) m * /m 0 is presented as a function of the momentum k. Similar data have been presented already in Ref. [23] . Here in fig. 4 (a) , (c), and (e) m * /m 0 values as a function of energy are added.
In the case where the top of the bare particle hole pocket just touches the Fermi level, i.e., when at the Fermi level the bare particle dispersion is flat ( fig. 4 (d) ), which occurs at the Lifshitz transition, Σ is very close to the bare particle band and therefore at the Fermi level the renormalized band is very flat. This corresponds to a very high effective mass m * /m 0 ≈ 8 at k = 0 ( fig. 4 (d) ) and at the Fermi level ( fig. 4 (c) ). Moving away from k = 0 or E = 0 the effective mass is strongly reduced to a value between 1 and 2.
When we shift the top of the hole pocket 50 meV above the Fermi level ( fig. 4 (a) and (b) ), which in real systems corresponds to a changing of the control parameter by doping, by chemical pressure, or by pressure, the dispersion of the renormalized band is also reduced. However, the slope of this band at the Fermi level is strongly reduced when compared with the case where the bare band touches the Fermi level. This reduction of the Fermi velocity is connected with the effective masses at E F which is reduced to a value of about 2.
Finally, when we shift the top of the hole pocket 50 meV below the Fermi level ( fig. 4 (e) and (f) ), the band is still renormalized but the effective mass at k = 0 is reduced to a value of about 4.
Summarizing the results of the calculations presented in fig. 4 , at the Lifshitz transition and only at this transition one obtains a correlation induced particularly enhanced flattening of the renormalized band which is related to an almost diverging effective mass at the Fermi level and at the momentum where the Lifshitz transition occurs. The correlation effects also lead to a pinning of the top of the hole pocket at the Fermi level.
In fig. 5 we present similar calculations but with a thermal energy of 0.03 eV corresponding to a temperature of 348 K. In the case of a Lifhitz transition ( fig. 5 (c) and (d) ) the effective mass at the Fermi level is reduced form about 8 to 4. However away from the Lifshitz transition, when we shift the top of the hole pocket to -50 meV ( fig. 5 (a)  and (b) ) the effective mass at the Fermi level is enhanced from about 2 to 4 due to a broadening of the maximum above the Fermi level.
Finally a calculation of the effective mass as a function of the thermal energy k B T and the shift of the top of the hole pocket is presented in fig. 6 . An enhancement of the effective mass near the Lifshitz transition and at low temperatures is realized. ditional view related to a coupling of the charge carriers to quantum spin fluctuations. In the present scenario the strange normal state properties follow from a co-action of a Lifshitz transition and strong local electron-electron interaction which lead to a large number if incoherent and a small number of coherent charge carriers. At the end of the 3d-row, correlation effects are caused by the MottHubbard on-site Coulomb interaction while Hund's-rule exchange interaction is more important in the middle of the row. That local on-site correlation effects are dominant in the scattering rates related to electron-electron interaction is also supported by theoretical calculations in the framework of DFT combined with dynamical meanfield theory (DMFT). Interestingly, non-Fermi-liquid-like self-energies have been reported [27, 28] which could be fitted by sub-linear power laws over a range of elevated energies. The incoherent-metal behavior has been attributed to an interplay of Hubbard and Hund's-rule couplings in a multi-band system.
In the following we compare the present calculations with normal state transport and thermal properties of ferropnictides. Several investigations on BaFe 2 As 2−x P x by London penetration depth [29, 30] and de Haas-van Alphen effect [31] measurements have detected a huge mass enhancement at the QCP which was interpreted by a coupling to antiferromagnetic quantum fluctuations. The present calculations provide an alternative explanation of the mass enhancement in terms of a co-action of correlation effects and a Lifshitz transition (see fig. 6 ). Close to the QCP the resistivity data on BaFe 2 As 2−x P x [7, 32] show a linear temperature dependence over a large range, but moving away from the QCP a Fermi liquid behaviour is detected at low temperatures. It is difficult to interpret these results on the basis of the present calculations since the conductivity depends in a non-trivial way not only on the scattering rate but also on the effective mass and the number of charge carriers. The present calculations reveal that all three parameter are changing near a Lifshitz transition. According to previous work [33] the conductivity should be not renormalized by many-body interactions. Possibly the ARPES results could be related to "hot" sections of the Fermi surface mediating antiferromagnetism and superconductivity while "cold" sections, not detected in the ARPES experiments, could be related to the normal state conductivity. Possibly also the Fermiliquid behaviour of the ferropnictides detected in the optical conductivity [34] could be related to the "cold" spots . In this context one should mention that the conductivity of electron doped ferropnictides is predominately determined by electronic states of the electron pockets [35] , which may be less correlated because there is no enhancement by the proximity to a Lifshitz transition. The thermoelectric power is connected to the derivative of the density of electronic states at the Fermi level. Thus the divergent thermopower detected in Ba(Fe 1−x Co x ) 2 As 2 near optimal doping [36] can be readily explained by the scenario described in this contribution: a coaction of a Lifshitz transition and correlation effects. The present calculations of the mass enhancement at the Lifshitz transition can probably also explain the thermal expansion data and the associated Grüneisen parameter of Ba(Fe 1−x Co x ) 2 As 2 p-5 [37] . Furthermore, also the thermal data on the superconducting heat capacity jump in BaFe 2 As 2−x P x [7] can be explained within this model. We also mention that the enhanced relaxation rate 1/T 1 T near the QCP detected in NMR experiments on Ba(Fe 1−x Co x ) 2 As 2 can be related to a Lifshitz transition [38] . Moreover, the data for the effective mass as a function of the control parameter, i.e., the band shift, resemble very much data on the temperature dependence of the resistivity as a function of the control parameter in heavy Fermion systems [2] or ferropnictides [7] .
As already mentioned previously [23] , the high effective mass derived at the Lifshitz transition is related to an effective small Fermi energy. This can lead to a break-down of the Migdal theorem [39] and an interpolating superconducting state between BCS theory and BE condensation [40] .
Summary . -We have performed calculations of the effective mass for a highly correlated metal with a nonFermi-liquid behaviour as a function of the the distance of a flat band relative to the Fermi level. From these calculations we derive a model in which the strange normal state transport and thermal properties near optimal substitution/doping can be explained by a co-action of a marginal Fermi liquid self-energy with a van Hove singularity at the Fermi level which is expected near a hole vanishing Lifshitz transition. The high effective masses imply small effective Fermi energies which could be comparable to bosonic energies mediating superconducting pairing. Thus possible the Migdal's theorem is violated in the unconventional superconductors which could lead to a phase which is near the BCS-BE crossover. The results can be generalised to other unconventional superconductors and possibly are a recipe for future search of new high-T c superconductors.
